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To study the structure of the Newton-Padé table a new concept—the minimal
solution—is introduced. The relationship of the minimal solution with the
Newton-Padé approximant is given. A notion of normality, called paranormality,
is introduced for the minimal solutions. A paranormal minimal solution is
proved tohave a characterization analogous to that of a normalPadé approximant.

1. THE NEWTON-PADE APPROXIMATION PROBLEM

Let {z;};>, be a sequence of (not necessarily distinct) points in the complex
plane. Let f(z) be a function which is holomorphic on some open set E
containing these points: f(z) € H(E). Then one can construct in a purely
formal manner a corresponding interpolation series, also called a Newton
series (see, e.g., Walsh [9, p. 53]). This formal interpolation series has the
form

S = foo + foalz — 2zo) + fooz — 29)(z — z))
o fole = )E— 2) = )

For abbreviation we put wy(z) = 1 and wy(2) = (z — z,_1) wy,;4(2), for
i =1, 2,... Consequently

=3 foendo)

The coeflicients f; of the wy(z) are divided differences (with possible con-
fluent arguments), i.e. [9, p. 54],
for = 1 @ dr,

T 2 ), wyi(1)

where C is a contour or a union of mutually exterior contours belonging to
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E and containing z, , z; ,..., Z; in its interior. More generally, by f;; we denote
the divided difference of order j — i (j = i), determined by the interpolation
points z; , z;1q 5..., 2; . If j < I, then f;; = 0 by convention.

Let (m,n) € N? and f(z) € H(E); then the Newton-Padé approximation
problem for f(z), of order [m, n], can be described as follows: Find two
polynomials, p(z) = Y. @ywed(z) and g(z) = ¥y byiwei(2), satisfying

ap < m, 89 =N, (la)

/A

qf — P = Wy, manals) - v(2), with v € H(E). (1b)

Here ¢ stands for ““degree of.”

Introducing the function o: H(E) — N, defined by o(f) = »n if and only
if fpy =0 for i=0,1,...,n—1 and fy, # 0, then (b) is equivalent to
o(gf —p) =m -+ n-+ 1. Indeed by using the definition, (1b) implies
that (¢gf — p)gs = O for i = 0, 1,..., m - n and consequently o(gf — p) =
m -+ n -+ 1. Conversely, if olgf —p) =2 m +n -+ 1, then (¢gf — p)p; = 0
i =0,1,..,m - n and we can factor out Hznjon (z — 2;) = Wymini1 -

Note that the Newton—Padé approximation problem contains the Padé
approximation problem as a special case, viz., when z; = z, fori = 1, 2,....

Associated with the formal Newton series f we define the generalized
Hankel determinants

fn.m fn,mH fn,m+n

with n, me N.

.ﬁ),‘m fi).m—(»l T .f0,7n+n

It is easy to verify that for Padé approximations
I == HI,
where H; 7" denotes the Hankel determinant as defined, e.g., by Henrici
[6, p. 594].
2. THE MINIMAL SOLUTION

It is known [4] that the Newton-Padé problem can equivalently be stated
as follows. Solve the homegeneous system of equations:

k
z boifi = aor - k=0,1,.,m, (2a)
j=0

= 0, k=m-<+1,m+2,...m+n, (2b)

640/22[2-4
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for the unknowns ay, dyy »...» Gon. and byg , byy 5.eey by, . In (2) we use the
convention that by, = 0 if & > n. By considering the coefficient matrix
of (2) it is clear that the rank of this coefficient matrix is completely deter-
minded by the rank of the coefficient matrix of (2b). Therefore if, e.g., the
rank of the coefficient matrix of (2b) is # — d, then we will say that the rank
of the system (2) is n — d and we will use the notation rank[m , n] = n — d.

THEOREM . [f rank [m, n} = n — d, then there exists a unique solution
(except for constant factor) p*, q* for (1) with ép* <m —d and
og* << n — d, where at least one of the upper bounds is reached. Every other
solution of (1) can be written in the form s(z) - p*(z), s(z) - g*(z), where
s(z) is a polynomial with degree less than or equal to d.

Proof. First note that a solution of (1) always exists, since (2) is a
homogeneous set of m -I- # -+ | equations in m + n 4 2 unknowns. Since
rank[m, n] = n — d, we can construct a solution p,,q, of (1) such that
dp, << m, 0¢q; < n — d. For the same reason we can also construct a solution
Ps » g With @p, - m — d and dq, < n. Then, since

Pls — Pty = Gi(qef — P2) — GG — po),

we have
Pids — Doy = Womena(2) ° 0(2), with ve H(E).

The left-hand side however is a polynomial of degree at most m -+ n, con-
sequently

D192 == P24 -

And since the right-hand side of this expression has degree at most
m -+ n — 2d, we must have either ép; << m — d or dq, < n — d. Hence,
there exists a solution p*, ¢* of (1) with op* << m — d and dg* < n — d.
But then, other solutions of (1) are wyp*, wyg* with 1 << i < d. Since
these solutions are linear independent solutions of the system [m, n], they
form a basis for the solution space. Consequently, every solution of (1)
can be written in the form s(z) - p*(2), s(z) - ¢*(z), where s(z) is a polynomial
of degree at most d. This also implies the unicity (except for a constant factor)
of the solution p*, ¢* for which dp* << m — d, 8¢g* << n — d. Were the
degrees of both p* and g* less than their respective upper bounds, then the
solution space would have a dimension greater than 4 -+ 1, which would
imply rank [m, n] << n — d, which is a contradiction. |

Consequently, p*, g*, as defined in the theorem, is the solution of (1) of
minimal degree. We will call this solution the minimal solution for the system
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of order [m, n], and we will denote it by p¥,, ¢*,.. Hence the minimal
solution is determined except for a constant factor. It will be unique after
choosing a certain normalization.

Tt is known [12, p. 838] that all the rational forms p/g constructed with
possible solutions of (1) have the same irreducible form r,,, = pon/dmn -
This unique rational function is called the Newton-Padé approximant of
order [m, n].

THEOREM 2. If (z — o)® represents a common factor of pk, ., q¥,., then

a €{z}0i" and s < m, , where m, denotes the multiplicity of « in {z;}72" .
Proof. Suppose pf, and g, have a common factor of the form (z — B)s,
with B ¢ {z;}7)" . Then clearly (z — B)* is a factor of v(z) in

q;ﬁnf.f p;:rl = w0,71L+n+1(Z) ’ lA(Z)s te H(E)

Consequently p,./(z — B)%, qk./(z — B)* are also solutions of (1). This how-
ever is impossible since pk, , ¢ is the minimal solution of (1). On the other
hand suppose pk, . g%, have a common factor of the form (z — «)® with
a €{z 7 and s > m, . Then v(z) must contain at least a factor (z — o) ™=,
And consequently another solution of (1) is given by p¥,/(z — a)¥ ™=,
gk J(z — )™=, which again contradicts the minimality of p}, ., q%,. §

Hence the greatest common divisor d(z) of the minimal solution p%, , g%,
has the form

4

dz) = 1] (z — z.)

i=1

with 0 << / <{ min(m, n) and with {Za,}f-;l C{z17" . Here we take as a con-

vention that d(z) = 1 if / = 0. Then clearly as a consequence of this remark,
the following relationship must hold between the minimal solution and the
corresponding Newton-Padé¢ approximant,

p:;n(z) = d(Z) : pmn(z)s
(3
qrjn(z) = d(Z) : qmn(z)’

where both the minimal solution and the Newton-Padé approximant are
normalized such that ¢, and ¢,,, are monic polynomials.

ExampLe 1. Let z;=1i{— 3 for i =0,1,...,4 and z; = —2. And let
f(=3)=1,f(-2)=2,f(—1) = 1,f0) = 10, f(1) = 5, and f'(—2) = 1.
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Then py, =z 4, gg == 1, and
g =2z 0 D pa,

Ge 22 D

If (z — z)% s > 0, is a common factor of the minimal solution p%, , g%, .
while (z — z,)*'! is not, then we say that the interpolation point z, is
unattainable for r,,, , and that this point z, has an unattainability of order s.
Note that s << min(m, n, m,) where m, is the multiplicity of z, in {3777 .
When a Newton-Padé approximant has unattainable points, we say that it is
degenerate. This terminology is explained by the following two theorems,

the first of which is given in Wuytack [12, p. 839].

THEOREM 3. The Newton—Padé approximant r,,, = pa/q.. interpolates
the function f(z)e H(E) in the points {zy, 2y vc.. 20 ot If and only if p,.,
and q,,, satisfy (1).

Hence, in view of (3), r,,,, is an interpolant (in the Hermite sense) if and only
if d(2) == 1. If d(z) = 1 then d(z) gives information concerning the points in
which the interpolation condition is violated. This is shown by the next
theorem.

THEOREM 4. If Za, > Zmyoees T, (0 <2 oq <0 xy <O o <Dy <y =

m - n - 1) denote the porm‘v of {2,045 which are equal to z, then the inter-

po/ation point z, has an unattainability of order s for r,,, with 1 < s 1 if
and only if

Py = FNz). for i=0, 1l — 5 — 1
and
ra (2 # Oz
The interpolation point z, will be attainable if and only if

riz) = fO%c),  for i=0,1...1—1.

To prove this theorem we need two auxiliary results, the first of which
is due to Salzer [7, p. 487].

LEmMMA 1. Let N(z) and D(z) be two polynomials. If D(x) == 0, then the
svstem

(NIDY o) = f()  for i==0,]1,.,Kk,



NEWTON-PADE APPROXIMATION 155

is equivalent to the system

N®(a) = (DfYNa)  for = 0,1,.., k.

TLeEmMmA 2. If Zay > Zay ees Za, O<oy <y <<y <m+n+1=
oy.,) denote the points of {2,172 which are equal to z, , and if z, has an unattain-
+1 ¥4 i q

ability of order s (1 <Z s << 1) for r,,, , then

qn*mf’— p::m .
O\———————} — Nj_¢.y-
(Z - Za)s {—s+1

Proof. Since pk, , gk, is the minimal solution, we have
(/:mf - p;;n = w0.1n+n+1(2) ) l"(Z)7 ve H(E)

We know wy ., .n1(z) contains exactly / factors (z — z,). Put o(qX,.f — pk./

(z — z)%) = S. Was § < a;_,,, then, necessarily S < «;_, . But this implies
that of(g)k,.f— p¥,) =X oy < m -4 n -+ 1, which contradicts the minimality
of pk, . qF, . Assuming S > a,_,,,, then v(z) contains at least one factor
z — z, . Butthen pk,./(z — z.), gf,/(z — z,)is also a solution for the Newton—
Padé problem of order [m, n), which contradicts the minimality of
P s @~ 1

Note that this lemma only holds if we work with a prescribed fixed ordering
of the interpolation points. Knowing these two results we can proceed with
the proof of Theorem 4.

Proof. Suppose z, has an unattainability of order s for r,, , then in view
of Lemma 2,

* *
_qlnnf‘pmn _ . I~s . g : . :
z=z) (z —z) v(z), with #(z,) + 0.
Since z, has an unattainability of order s, d(z) (defined by (3)) contains exactly
s factors (z — z,). Consequently, we have that
_‘]_fanf’~ p;n U(Z) (2 — Z:x)j

= (z — z )" w(2), with w(z) =

d(z) d(z)
and w(z,) # 0,
or
Gnnf = Pmn = (2 — 2)7*w(2),  with w(z,) # 0.
Hence,

P0E) = Guaf)(z)  for i=0,1.,l—s—1,
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and
{1 \) (1-s)
1) mn (qm ﬂj ) (“

Then, using Lemma 1, the assertion follows. To prove the sufficiency, suppose
z, has an unattainability of order s” =% 5. Then applying the first part of the
theorem gives a contradiction. The second part of the theorem is proved
analogously. |

EXAMPLE 2. letzy = —1,z, == —, 2z = 0, zy = {, 24 = l, o, = —1,
7z =0 and f(—1)=1 f(—H =4 f(O) . fB) = f(l) =3,
f'(—1) = —% and f'(0) = 2. Then

Fao = PaafQae = 1 — (2= 1)+ 3z + Dz + ) =422+ 24 3

and

ko2
Piz = Z°Pa2
K .2
Diy2 = 2°G4e -

1t is easily verified that o((¢,5f — pi)/z%) = 2. The interpolation point z = 0
has an unattainability of order 2 for ry, , while the other interpolation points
are attainable. Hence r, is degenerate. Note also that in Example 1 the inter-
polation points z = —1 and z = 0 are both unattainbable for ry, .

Both the minimal solutions and the Newton-Padé approximants can be
arranged in a two-dimensional array. These tables are called the minimal
solution table and the Newton-Padé table, respectively.

3. PARANORMALITY

As for the Padé table the notion of normality is uniquely defined [5, p.16].
A look at the literature makes it clear that this is not the case for the Newton-
Padé table. For instance the definition given by Wuytack [11, p. 56] does
not agree with Warner’s definition [10, p. 39]. Having introduced the concept
of minimal solution, it seems natural to introduce a definition of normality
for these minimal solutions. However, to distinguish from the existing defi-
nitions of normality for the Newton-Padé table, we prefer to call it para-
normality.

The minimal solution pZ, , g, is called paranormal if it occurs only once
in the minimal solution table. The corresponding Newton—-Padé approximant
will then also be called paranormal. If all the elements are paranormal then
the minimal solution table and the Newton-Padé table will be called para-
normal. As will be proved in the next theorem the notion of paranormality
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possesses a characterization analogous to the notion of normality in the
Padé table.

THEOREM 5. The following statements are equivalent:

@) prk.,qk.is paranormal;
(b) 8pk, = m, 8qk, = n, and o(g.f — piy) = m +n + 1;

(c) the determinants Hy'y , Hi 7Y™, and HH Y do not vanish.

Proof. The theorem will be most easily proved by showing the equivalence
of (a) and (b), and of (b) and (c)

(i) (a) implies (b). Suppose opk, << m. Then p}. ., q¥%, is also a

solution of the system [m — 1,n + 1]. Consequently, since pk,, gk, is
paranormal, there exists a polynomial d(z) with od > 0, such that

p:‘m = d(Z) ) p'r)’rz-l,n+1 >
G = d(2) * Gy mes -

However, this would imply ép}_; .4 < 0pX., 0g% 4,11 < 8q),, and con-
sequently, since o(gm 1,niaf — Prani) =Mt 0+ 1 Pl Grinn
should also be a solution of the system of order [m, n]. This contradicts the
minimality of p},, g%,. Analogously one can handle the case d¢, <n.
At last, suppose o(q%,.f — pk.) > m -+ n -+ 1. Then it is easy to verify that
pE.,qr, is also the minimal solution for the problems of order [m -+ 1, n]
and [m, n -+ 1], which contradicts the minimality of p*, , ¢, .

(ii) (b) implies (a). Suppose that
* *
Pri = Pma >
" with [k, 1] # [m, n].
q:l = qrfm s
Then, in view of the definition of minimal solution, & > m, [ > n. And
since [k, [] == [m, n}, k + I > m - n. But this would imply that
gmnf — Pon) = oGS —pi) Zhk+1+1>m+n+1,

which contradicts the assumption that o(qk,.f — pX) = m +n + 1.

(iiy (b) implies (c). Assume H;77 = 0; then (2) would admit a
solution with a,, = 0. Hence 8p%, < m, which is a contradiction.

Assume H}"1™1 = 0; then (2b) would admit a solution with &y, = 0.
Hence 9¢%, < n, which is a contradiction.
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Assume M7 " == 0; then there exists a solution of (2b) which also satisties

Z /71)/‘\/‘['.://.».‘ IR

i
This would imply that o(g),/— pk.) o m-i-n < 1, which is again a
contradiction.

(iv) (c¢) implies (b). Let py, = Z;:':-o dgiwy; and gy, = Z;:o byt -
Since H} "1 = 0, we conclude from (2b) that rank[m, #] := #, and that
by # 0. Similarly H}7 0 implies that a,, = 0. Hence épf, = m and
ogr, = n. At last Hw'' = 0 implies that o(gf, f— pk) =m - n — L.
which completes the proof. |

It is clear from this theorem that in a paranormal minimal solution table
the elements are all different from each other. This however is not the case
for the Newton-Padé table, as is shown by the following theorem.

THEOREM 6. If the Newton—Padé table is paranormal and r,,, = ¥y 0 s
then k = 1.

Proof. Since r,,, and 1, »,; are paranormal, we have that

P P 3

OPmn = M1, Poyie,nsr = M -+ k,
and

oy K ok

WM == 11, Cpitnil = 1 + L

But since r,,, = ¥, 1.1 » there exist polynomials s,(z), s,(z) such that
* . B
SI(Z) . pmn T S2(Z) - [)7Il+k,n+l s
* - *
Sl(z) C Gmn = 52(2) e, nl e

But this implies that k = /. |}

From Example I, we note, after a few calculations, that all the minimal
solutions occuring in it are paranormal. Nevertheless, we have ry, = 1), = 1
and ry = ry, = z + 4. Hence in a paranormal Newton-Padé table there
can occur identical elements. However, by Theorem 6, these elements are
restricted to lie on the same diagonal of the table.

We remark that if the sequence of interpolation points is given by

{131 ’ BZ 30y 18)\7 BI H] /32 ERRR] B/\ ’ Bl H :82 s"'}a

where the points 8, (i = 1, 2,..., A) are distinct, then the necessary and suffi-
cient condition for the Newton-Padé table to be paranormal is that H;} # 0
for n, m € N. In the special case where A = 1, the condition becomes H,' ;" # 0
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(m, n € N). Hence a paranormal Padé table is also normal. In general this
will not be true for a Newton-Padé table, as is illustrated by Theorem 6.

4. SOME REMARKS

(a) Concerning the Newton-Padé approximation problem the termi-
nology is not uniquely defined. If it is considered as an approximation
problem then the terminology used in this paper seems acceptable. See
also [2]. However, as is indicated by Theorems 3 and 4, the Newton-Padé
approximation problem is closely related to an interpolation problem. And
this last point of view gives rise to the terminology “rational Hermite inter-
polation problem™ [10}, or “osculatory rational interpolation” (see, e.g.,
[7, 12]).

(b) The Newton-Padé problem is of interest in problems of mathe-
matical physics [1], and also in control theory [8].

(c) Several algorithms for constructing the elements of the Newton—
Padé table exist. See, e.g., [3, 4, 10].

(d) The algorithms described in [3, 4] were deduced under the con-
dition that the Newton-Padé table was normal. We note that this existence
condition can somewhat be weakened. Indeed, it is sufficient to require that
the table is paranormal.

Note added in proof. As the referee pointed out, Theorem 5, which
characterizes the notion of paranormality, is closely related to Theorem 3
in the paper by M. A. Gallucci and W. B. Jones, “Rational Approximations
Corresponding to Newton Series (Newton-Padé Approximants),” J. Approxi-
mation Theory 17, (1976), 366-392.
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